
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 21, No. 5, September–October 1998

Optimal Robust Tracking Subject to Disturbances, Noise,
Plant Uncertainty, and Performance Constraints

Craig N. Scott¤ and Lincoln A. Wood†

Royal Melbourne Institute of Technology, Melbourne 3001, Australia

This paper presents a versatile approach to optimally track a known input in a real-world environment. It
is related to, but different from, conventional l1 techniques. A key feature of this approach is the separation
of the tracking performance optimization from minimizing the controller’s sensitivity to disturbances, sensor
noise, and plant model uncertainty. These two optimizations are set up as linear programs and make use of the
Youla parameterization of a two-parameter controller. The bene� ts of this formulation are that the solutions
found are global rather than local minima and a wide range of design constraints can be incorporated into the
optimization–actuator limits, rate limits, and tracking error limitsbeing commonexamples.Discussion is restricted
to single-input/single-output plants, and a numerical example is given.

Nomenclature
DC = robustness � lter part of controller, feedforward

path
d = denominator polynomial (coprime factor) of P0 ,

d0 C d1z¡1 C ¢ ¢ ¢ C dm z¡m

l1 norm = khk1 D n
i D 0 jh i j

l1 norm = khk1 D maxi jhi j
NC1 = tracking � lter part of controller, q
NC2 = robustness � lter part of controller, feedback path
N ¤

C2
= digital implementation version of NC2

n = numerator polynomial (coprime factor) of P0 ,
n0 C n1z¡1 C ¢ ¢ ¢ C nm z¡m

P = true plant that may contain nonlinearities
P0 = linear plant model, n=d
u = commanded plant input from the controller,

u0 C u1z¡1 C ¢ ¢ ¢ C uk z¡k

W2–4 = stable � lters on the respective-numberedinputs
w1 = input reference (desired plant output); can be

represented by (w1N =w1D
)

w2 = disturbance input
w3 = sensor noise input
w4 = plant uncertainty input
X; Y; q; r = stable, rational, linear functions
y = plant output
z transform = h D n

i D 0 hi z¡i (consistent with MATLAB
notation)

Á = tracking error (w1 ¡ y), Á0 C Á1z¡1 C ¢ ¢ ¢ C Ák z¡k

ÁC=¡; uC=¡ = nonnegative-valuedpolynomial sequences

I. Introduction

R ESEARCH into l1 optimal control has been very active in
recent times. The standard formulation has been dealt with at

length,1¡5 deriving the requirements for zero and rank interpolation
constraints.Conditions for stability in the presenceof variousforms
of plant perturbations have been explored,6¡9 as have disturbance
rejection and performance criteria.1;6;8¡10 The l1 problem is most
commonly set up as a linear program, and investigation into the
solution of these formulationshas been undertaken.1;4;11;12 Optimal
tracking subject to magnitudeand time domain constraintshas been
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investigated and clearly explained,5 and inclusion of approximate
H1 constraints has also been covered.1;3

In recent work,13;14 a new form of constraint equation, valid in
both the single and multivariable case, that is easier to implement
in a linear program than previous approaches has been derived.
The objective was also changed to add greater versatility to the
method. The � rst experimental implementation of an l1 controller
and comparisonwith existingmethodswere achieved recentlyusing
this approach in the single-input/single-output case.15;16

This paper presents a uni� ed approach to optimal tracking that is
also optimally insensitive to disturbances, sensor noise, and plant
uncertainty.The value of the method lies both in its ability to easily
include performance constraints and in its separate treatment of the
performance and robustness characteristics of the system. This is
done using linear programming and the Youla parameterization for
a two-parameter controller.

Plant uncertainty is incorporated into the optimization as a mul-
tiplicative perturbation, chosen because of its ease of conceptual
understanding—it representsa toleranceband on the nominal trans-
fer function. The physical meaning of other forms of uncertainty
can, at times, prove dif� cult to de� ne, making it hard to know ex-
actly what plant perturbations are included in the uncertainty set.
By using the multiplicative model, it is easy to account for things
like neglected higher-frequencydynamics or errors in experimental
measurement of the plant transfer function.

In the robustness optimization, the insensitivity to the plant un-
certainty is included in the same format as the disturbanceand noise
inputs, whereas stability is ensured by adding a condition on one of
these sensitivities.Stable � lters on the disturbance,noise, and uncer-
tainty inputs then allow the designerto specify their magnitudesand
frequencycontents, tailoring the optimizationto the environmentof
the controller.

The method of controllerconstructionalso allows for the compu-
tationaldelay that is unavoidablein any experimentaldigital control
implementation. Also, the controller terms (NC1 , NC2 , and DC ) are
all directly available from the optimizations themselves, removing
the need to extract them from other quantities,which in some cases
is a numerically undesirable task.

II. Preliminaries
The system with controller can be represented by the block di-

agram shown in Fig. 1. The weights W2 and W3 are stable � lters
that represent the frequency content of w2 and w3 , respectively, al-
lowing w2 and w3 to be represented by white noise with a unity
magnitude maximum. The controller consists of three � lters: NC1 ,
NC2 , and D¡1

C . Because all three terms are taken as polynomial se-
quences in z¡1 , the NC1 and NC2 � lters will have denominatorsof 1,
whereas the D¡1

C � lter will have a numerator of 1. The plant P may
not be exactly known and may even contain nonlinearities; how-
ever, an approximate linear model P0 is usually obtainable, and so
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Fig. 1 Two-parameter control scheme.

Fig. 2 Plant model.

u

Á
D

NC1

DC C NC2 P0

¡W2 NC2 P0

DC C NC2 P0

¡W3 NC2

DC C NC2 P0

¡W4 NC2 P0

DC C NC2 P0

DC ¡ NC1 P0 C NC2 P0

DC C NC2 P0

¡W2 P0

DC C NC2 P0

W3 NC2 P0

DC C NC2 P0

¡W4 P0

DC C NC2 P0

w1

w2

w3

w4

(5)

the plant can be represented as P0 with a perturbation on its input
(see Fig. 2). This is the multiplicative plant uncertainty model for
which explanations are readily available.1;6;8;10;17 It can be shown
that the uncertaintywill not cause the system to become unstable if
the condition in Eq. (1) is satis� ed:

W4 NC2 P0

DC C NC2 P0 PEAK GAIN

· 1 (1)

The term W4 represents the toleranceband on the plant’s nominal
transfer function. For example, if P0 represents a rigid-body model
of a � exible system, it ignores the high-frequencydynamics of the
plant. Therefore, jW4j would be higher at high frequency than at
low frequency.

The term 1 is included in the perturbationmodel of Fig. 2 to ac-
count for any nonlinearitiesand time-varyingbehavior of the plant.

u

Á
D

dq

1 ¡ nq

¡W2n.X C rd/ ¡W3d.X C rd/ ¡W4n.X C rd/

¡W2n.Y ¡ rn/ W3n.X C rd/ ¡W4n.Y ¡ rn/

w1

- - - -
w2

w3

w4

(7)

It is a (possibly) nonlinear, time-varying operator that satis� es the
condition k1kPEAK GAIN < 1, but nothing else need be known about
it. Its inclusion means that it is dif� cult to write a simple equation
relating the inputs of the system to its outputs.To overcome this, the
representationof the perturbationis modi� ed slightly by cutting the
connectionbetween the 1 block and the W4 block. The input to the
W4 block then becomes another external white noise input w4 , but
unlike w2 and w3 its maximum magnitude is not necessarily unity.
Because it is known that the gain of 1 must be less than unity, it fol-
lows that themagnitudeof its output(w4)must be less than thatof the
input to 1. Therefore,a conditionon w4 can be written as in Eq. (2):

kw4k1 < kW2w2 C uk1

< kW2w2k1 C kuk1

< kW2k1 C kuk1 (2)

It is good practice to have some form of limiting on the output
of the controller to prevent damage to components of the system
in the event of a malfunction or unforeseenevent. Therefore, kuk1
should be known in advance. Because kW2k1 is also known, the
worst-case kw4k1 can be set to (kW2k1 C kuk1 ).

Cutting the loop at the outputof the 1 block moves the nonlinear-
ity from the system to the w4 input. Therefore, because all blocks in
the modi� ed system are linear, the effect of each input can be con-
sidered separately and the componentssuperimposed.For example,
if w2 , w3 , and w4 are set to zero, the effect of w1 on u can be found
by tracing back along the signal path:

u D D¡1
C NC1 w1 ¡ NC2 P0u (3)

u D
NC1

DC C NC2 P0
w1 (4)

Using this approach,one can write a linear matrix equation relat-
ing the inputs of the system to the quantities of interest. Of primary
interest to the designer are the tracking error Á and the demanded
plant input u

The coef� cient matrix in Eq. (5) is sometimes referred to as the
closed-loop map. In its present form, it is somewhat cumbersome
to deal with as there is no guidance as to what the controller terms
(NC1 , NC2 , and DC ) need to be to give the desired system behavior.
The � rst thing that must be consideredis the stabilityof the system.
This means that all internal and external quantities (i.e., the outputs
of every block in Fig. 1) must be stable. This can be achieved by
using what is called the Youla parameterization,which makes use
of a coprime factorization of the linear plant (P0 D n=d) and a
parameterized controller. It is commonly expressed as17

C D D¡1
C NC1 NC2 D .Y ¡ rn/¡1[q X C rd] (6)

where .Y ¡ rn/ 6D 0 and nX C dY D 1.
Substituting this into Eq. (5) gives the parameterized form

This use of the Youla parameterizationassumes that the true plant
is fully known, implying that w4 D 0. It has been shown6 for a one-
parameter arrangement that any controller that stabilizes the linear
plant P0 also stabilizes the true plant P when the constraintgiven in
Eq. (1) holds. Applying this to the two-parameter case is a simple
extension and is therefore omitted here.

The second consideration, apart from system stability, is system
performance. Again, the Youla parameterization proves to be very
convenient for this purpose. The quantities q and r may be varied
freely and independentlyof each other (but must still remain stable
and rational), hence the name “two-parameter”controller.But more
than that,varyingq onlyaffectsthe responseto thew1 input,whereas
varying r affects only the response to the w2–4 inputs. Thus, by
changingq, optimal trackingperformancecan be obtained,whereas
totally independent to this, by changing r , optimal insensitivity to
disturbances, sensor noise, and plant uncertainty can be achieved.
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Along similar lines to Ref. 18, such insensitivity shall broadly be
called robustness in this paper.

III. Tracking
The tracking part of the problem reduces to the following equa-

tion:

u

Á
D

dq

1 ¡ nq
w1 (8)

There are two possible approaches to solving this problem. One
method, which has been pursued with great success recently,13¡16 is
to vary u and Á in such a way that a stable, rationalq exists (i.e., the
solution is feasible). Speci� cally, u and Á may be chosen subject to
two constraints for the two-parameter arrangement13

dÁ C nu D dw1 (9)

and one of

Á.zi / D 0 or u.zi / D 0

where zi are the nonminimum-phasezeroes of w1 , if any exist. The
� rst equation ensures that the chosen u will yield the chosen Á for
the plant P0 . Another advantage of using this equation is that it
also enforces most of the interpolationconstraintsneeded to ensure
stability. The second constraint completes the set of interpolation
conditions. A possible disadvantageof this arrangement lies in the
fact that the parameter q does not explicitly appear in any of the
constraints(which, on the surface,appears to simplify the problem).
It should be noted, however, that q is needed to form the controller,
and in some cases, theremay be numerical problems with extracting
q from Á or u.

The second approach to solving the tracking problem can be
thought of as varying q explicitly to obtain a favorable u and Á.
The constraint needed for this approach is just Eq. (8), and so the
only thing left to decide is how to vary q. It should be noted that no
generality is lost by assuming that q is a polynomial of � nite length
because this still encompasses all possible stable, rational, linear
functions. An objective is needed to guide the solution to some de-
sired state, and a simple but useful goal is to minimize the l1 norm
of the u and Á sequences.This keeps both u and Á as close to zero
as possible by minimizing the sum of their magnitudes. Because
long nonzero sequencesgive larger l1 norms, this form of objective
not only keeps the tracking error and actuator usage down but also
tends to yield near-minimum time maneuvers. Using this type of
objective allows the tracking problem to be conveniently set up as
a linear program for which many solvers are readily available. The
problem can be expressed as

min
n

i D 0

.·1jÁi j C ·2ju i j/ (10)

subject to

dw1q ¡ u D 0

nw1q C Á D w1

The terms ·1 and ·2 allow the importance of Á and u in the
objective to be speci� ed. For instance, if the designer is primarily
concernedwith the trackingerror and not so much with the actuator,
then ·1 will be set much higher than ·2. The absolute value signs
in the objective are removed by making the usual substitution3;8

Á D ÁC ¡ Á¡. For the optimal solution, this gives jÁj D ÁC C Á¡.
The term w1 represents the desired plant output sequence, but

it is often easier and much more compact to represent w1 as the
impulseresponseof a stable, linear � lter.The discretenumeratorand
denominator of the � lter can then be used directly in the constraint
equations instead of the impulse response. This results in a simpler
linear program.

To include the two constraint equations in the linear program, the
polynomial convolutionneeds to be converted into a more tractable

form. Convolutionof two polynomials can be achieved by convert-
ing one of them to a matrix as follows:

ab D

a0

a1 a0

::: a1

: : :

ai

:::
: : : a0

ai a1

: : :
:::
ai .i C j C 1/ £ . j C 1/

b0

b1
:::

b j

(11)

The problem with doing this for the constraint equations is that
q, u, and Á are possibly in� nite length polynomials. This means
that for the example in Eq. (11) b has possibly in� nite length, lead-
ing to an in� nite dimensional a matrix that cannot be represented
in a linear program. The authors of Refs. 1 and 12 proposed three
methods to make the problem � nite dimensional, namely, � nitely
many variables (FMV), � nitely many equations (FME), and de-
lay augmentation (DA). This paper uses the FMV approach,which
restricts the length of the b vector and hence the size of the a ma-
trix. FMV is chosen because the solutions generated are feasible
(though suboptimal) and the method is intuitively simple to un-
derstand. This is equivalent to what is sometimes referred to as
deadbeat control. The FME approach is also relatively simple but
yields infeasible solutions. The danger of this is that it may lead
to undesirable behavior when implementing the controller on a
real-world structure. The DA method contains the most informa-
tion about the solution, but it is more complex and therefore more
dif� cult to incorporate into the linear program format used in this
paper.

Finally, some reference inputs w1 may require the presence of
a steady-state actuator input uSS. For example, if w1 represents a
setpoint for the system to attain (making w1 a step function), plants
without at least one pole at z D 1 will require a steady-stateactuator
input to keep it at that setpoint. The problem formulation can be
modi� ed13 to account for this by splitting the actuator input into
two parts: 1) a steady-statecomponent that begins at time t D 0 and
2) a varying component that is determined by the optimization

u D
uSS

1 ¡ z¡1
C Nu D

uSS

h
C Nu (12)

The FMV approach then truncates Nu instead of u. If the problem
was left unmodi� ed, it would always be infeasible because the u
sequencewould never go to zero and would therefore require an in-
� nite numberof terms in the optimization.By making the preceding
substitution, Nu can go to zero in a � nite number of samples, and so
a feasible solution can exist. The problem can now be written as

min
n

i D 0

·1 ÁC
i C Á¡

i C ·2 NuC
i C Nu¡

i (13)

subject to

hdw1N q ¡ hw1D . NuC ¡ Nu¡/ D w1D uSS

nw1N q C w1D .ÁC ¡ Á¡/ D w1N

Allowing M1 , M2, M3 , and M4 to represent the convolution ma-
trices for adw1N , aw1D , nw1N , and w1D , respectively, this can be
put into the � nal matrix form

min
n

i D 0

·1 ÁC
i C Á¡

i C ·2 NuC
i C Nu¡

i (14)
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subject to

¡M2 M2 M1

M4 ¡M4 M3

NuC

Nu¡

ÁC

Á¡

q

D
w1D uSS

w1N

ÁC; Á¡; NuC; Nu¡ ¸ 0

This formulation is very � exible as it can incorporate any extra
constraints that can be represented in the discrete domain. For in-
stance, bounds on the actuator and tracking error can be speci� ed
in the form NuC , Nu¡ · UMAX, or rate limiting can be achieved us-
ing differences§. NuC

i ¡ NuC
i¡1 ¡ Nu¡

i C Nu¡
i¡1/ · PUMAX, or acceleration

limiting using central differences.Indeed, any derivativeof Á or Nu is
easilyhandledin this way. Such limits neednot evenbe a � xed value
but may instead be a time-domaintemplate, such as forcing jÁj to be
less than an exponentialdecaycurve to ensure that the trackingerror
decreases relatively smoothly without unwanted peaks. Dahleh and
Diaz-Bobillo1 and Elia et al.3 have also shown how approximate
H1 constraints could be included into an approach like this one in
a natural way.

IV. Robustness
The robustnesspart of the problem can be written as

u

Á
D

¡W2n.X C rd/ ¡W3d.X C rd/ ¡W4n.X C rd/

¡W2n.Y ¡ rn/ W3n.X C rd/ ¡W4n.Y ¡ rn/

w2

w3

w4

(15)

where nX C dY D 1, kW4n.X C rd/kPEAK GAIN · 1.
But this can be simpli� ed by observing that NC2 D .X C rd/ and

DC D .Y ¡ rn/. Again, because X , Y , and r are all stable, rational
functions,no generality is lost by representing NC2 and DC by � nite
length polynomials in z¡1 . These substitutions reduce the number
of unknownpolynomialsby one and allow the problemto be written
in the more compact form

u

Á
D

¡W2nNC2 ¡W3d NC2 ¡W4nNC2

¡W2nDC W3nNC2 ¡W4nDC

w2

w3

w4

(16)

where nNC2 C d DC D 1, kW4nNC2 kPEAK GAIN · 1.
The objective of the robustness problem is to minimize the actu-

ator activity and tracking error in the presence of the inputs w2–4.
A good way to achieve this is to minimize the peak gain from each
input to both u and Á. Conveniently, because each term in the co-
ef� cient matrix reduces to a polynomial in z¡1, the peak gain will
be the same as the l1 norm.10 Therefore, the objective consists of
a combination of the l1 norms of each of the six terms in the co-
ef� cient matrix of Eq. (16). Following similar steps to those for
tracking, one can express the robustness problem as the following
linear program:

min

·1 LC
1 C L¡

1 C ·2 LC
2 C L¡

2

C ·3 LC
3 C L¡

3 C ·4 LC
4 C L¡

4

C ·5 LC
5 C L¡

5 C ·6 LC
6 C L¡

6

(17)

subject to

NC2 0
D 0

nNC2 C d DC D 1

LC
1 ¡ L¡

1 D W2nNC2

LC
2 ¡ L¡

2 D W3d NC2

LC
3 ¡ L¡

3 D W4nNC2

LC
4 ¡ L¡

4 D W2nDC

LC
5 ¡ L¡

5 D W3nNC2

LC
6 ¡ L¡

6 D W4nDC

LC
3 C L¡

3 · 1

LC
i ; L¡

i ¸ 0

The � rst constraintrequiresthe � rst term in the NC2 sequenceto be
zero. This is to account for the computationaldelay inherent in any
digitally implemented controller. The reason for this requirement
will become clear in the next section. Constraint equations (2–7)
are converted to convolutionmatrix form in the same manner as the
trackingconstraints in Eq. (10), and so this step is omitted here.The
summation constraint equation is the linear program equivalent of
the constraintensuringstability in the presenceof plant uncertainty.

V. Controller Synthesis
The two optimizations will yield all three required controller

terms (NC1 , NC2 , and DC ). Note, however, that if these controllers
are to be experimentally implemented, there will be a one-sample
delay between the measured plant output and the controller output.
An easy way to account for this is to assume that NC2 already in-
cludes theeffectof this delay.The only way this can be so is if its � rst
term is zero, i.e., (NC2 )0 D 0. When implementing this controller
in hardware, the delay is then stripped from NC2 because it will be
supplied by the system instead. Mathematically, the new controller
term is given by

N ¤
C2

D NC2 z¡1 (18)

Thus, the controller effectively consists of three linear � lters:
NC1 , NC2 , and D¡1

C (see Fig. 1). The order of the controller can be
limited to some degree by the number of terms used in the q, NC2 ,
and DC polynomials. High-order controllers require more careful
thought in their implementation because rounding errors can lead
to unexpectedbehaviorand the required computation time between
samples becomes an issue. Nevertheless, it has been shown exper-
imentally that controllers with 100–300 terms in such polynomials
can be successfully implemented on 33-MHz 386-based personal
computer systems with little dif� culty.

VI. Example
As an illustrative example, a scaled dynamic model of a space-

craft with deployable solar arrays has been chosen. Data for the
model were derived from an experimental rig constructedfor previ-
ous research.15;16 The rig consisted of a single torque actuator at the
central hub, which also had a rotational position sensor. The panels
were assumed rigid, but the hinges between them were � exible. The
model itself was eighth order and was discretized at 50 Hz using a
zero-order hold. This model possessed a double pole on the stabil-
ity boundary,which made it a dif� cult plant to handle. Therefore, it
served as a good test for the approach presented in this paper.

Using just the one sensor and actuator (both at the central hub), a
90-deg rotation of the solar panels was to be achievedwith minimal
vibration of the panels. Obviously, the faster the maneuver could
be completed, the better, but the actuator hardware imposed limits
on both the torque that could be supplied and on the rate at which
the torque was allowed to change.Additionally, the plant model in-
evitablycontainedsome uncertainty.For instance, the nonlinearities
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of aerodynamicdragon thepanelscouldnotbe includedin themodel
(but were obviously not present in the real satellite anyway), and
possible stiction of the central hub bearing, particularly at the start
of the maneuver was also neglected.Because the linear plant model
was found from a parameter identi� cation procedure on the rig,
there was also a tolerance on the accuracy of the resulting transfer
function. Hence, the optimizationsneeded to consider the speci� ed
maneuver subject to a number of limitations and uncertainties.

Consider � rst the tracking part of the problem. For a 90-deg rota-
tion, a step input should be used, for which the w1 terms are easily
de� ned (note that the plant model used radians, not degrees),

w1N D ¼=2; w1D D 1 ¡ z¡1 (19)

It is noted that thoughthe referenceinput is a step, the steady-state
actuator input for the plant uSS is still zero due to the presence of a
pole at z D 1. The actuator hardware was restricted to §1 Nm, and
so the trackingoptimizationwas limited to §0.7 Nm to allow an ex-
tra §0.3-Nm headroom for disturbance rejection, etc. The actuator
rate limit was taken to be 15 Nm/s (0.3 Nm/sample) using backward
differences on Nu. A further limit of 2.5 Nm/s2 (0.05 Nm/sample2)
was applied to the � rst derivative of the actuator rate using cen-
tral differences. This was done to smooth out the actuator signal
somewhat, thereby reducing the severityof vibration induced in the
panels during the maneuver. The � nal form for the linear program
with these actuator limits included is

min
n

i D 0

·1 ÁC
i C Á¡

i C ·2 NuC
i C Nu¡

i (20)

subject to

¡M2 M2 M1

M4 ¡M4 M3

NuC

Nu¡

ÁC

Á¡

q

D
0

w1N

E ¡E

¡E E
- - - - - - -
F ¡F

¡F F

NuC

Nu¡ ·

0:3

0:3
- - -
0:05

0:05

NuC; Nu¡ · 0:7

ÁC; Á¡; NuC; Nu¡ ¸ 0

where

E D

1
¡1 1

¡1
: : :
: : : 1

¡1

F D

1

¡2 1

1 ¡2
: : :

1
: : : 1
: : : ¡2

1
(21)

For this problem, the tracking error and actuator demands were
both of interest to the designer because excessive actuator demands
would result in an unacceptably high drain on the satellite’s re-
sources,whereashigh trackingerrorwould implypoorperformance.
Therefore, the weightings in the objectivewere chosen to re� ect this
with ·1 D ·2 D 1. The problem was solved with the u and Á se-
quencesrestrictedto 400 terms. Somewhat shorter sequence lengths
were also possible, but at the expense of increasing the objective
value and hence degrading performance.

Now consider the robustness part of the problem. The aerody-
namic drag was treated as a disturbance torque to the hub. The
maneuver was observed to be predominantly a rigid-body rotation
occurring at a much slower rate than the small panel vibrations.
The aerodynamic drag would therefore act mostly to resist the

low-frequency rotation, so the drag was considered to have mostly
low-frequency content. This guided the choice of W2 . Very little
was known about the sensor other than that it was subject to quan-
tization by the 12-bit A/D circuitry and possibly a little noise from
electricalinterference,and so the frequencyweighting � lter W3 was
kept uniform across all frequencies at a fairly low value. An esti-
mate of the accuracyof the plant transfer functionwas about 10% at
low frequency and up to 50% at higher frequencies. With the max-
imum possible actuator demand set at §1 Nm and kW2k1 known,
the choice for W4 could be made. The frequency weightings on the
w2–4 inputs were chosen as follows:

W2 D 0:0075
.s C 100/

.s C 10/
; W3 D 0:001

(22)

W4 D 0:5
.s C 5/

.s C 25/

Because the transfer functions from all the inputs to both the
tracking error and actuator were important, the weightings on all
the norms in the objective were set to the same value (·1–6 D 1).
The NC2 and DC polynomials were restricted to a length of 400
terms, with only a small improvement being observed beyond this
length. Again, shorter sequences were possible, but at the expense
of performance.The results of the optimizationare given in Table 1
where the maximum contributionof each input to u and Á is shown.
The last column gives the overall maximum contributionto u and Á.

It remains now to show how the resulting controller performed
in a nonideal environment. Figure 3 shows the results of a simu-
lation where an approximation to aerodynamic drag was used for
the disturbance input w2 and the sensed plant output was subjected
to a small amount of white noise, then quantized. The plant model
had been altered by changing the system parameters such as the
damping factor, hinge stiffnesses, and panel inertias by amounts

Table 1 Robustness results

Sequence w2 w3 w4 Total

u 0.1014 0.0477 0.1411 0.2902
Á 0.0344 0.0014 0.0547 0.0904

a) Plant output

b) Actuator demands

Fig. 3 l1 simulationresults for 90-deg rotation demand:¢ ¢ ¢ ¢ ¢ , optimal
tracking, and ——, simulation results.
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a) Plant output

b) Actuator demands

Fig. 4 H 1 simulation results for 90-deg rotation demand: ¢ ¢ ¢ ¢ ¢ , l1
optimal tracking, and ——, H 1 simulation results.

representativeof possible errors. The dotted line in the � gure shows
theoptimalÁ andu as obtainedfrom the trackingoptimization.It can
be seen that the controllermaintainedperformancevery close to the
optimal in the nonideal environment. For the purposes of compari-
son, the simulationresults for an H1 controllerare also given in Fig.
4. It can be seen that the performanceof the l1-based controllerwas
far superiorto that of the H1 counterpart.The l1 controllerexhibited
no overshoot and completed the maneuver in about 10 s, whereas
the H1 controller showed about 14% overshoot and required about
35 s. A major reason for this was that the H1 optimization suffered
from the need to trade off overshootwith the maximum actuatorde-
manded, something the l1 optimization did not require. It is noted,
however, that the H1 controller was of a signi� cantly lower order
than was the l1 design (10th order comparedwith 400th order). Pre-
liminary investigationsuggests that the l1 controllergenerated does
not lend itself well to order reduction techniques.

An attempt was also made to � nd a controller using other exist-
ing l1 methods (see Refs. 1 and 6). Because of numerical problems
in the optimization, however, no controller was able to be gener-
ated that did not signi� cantly violate the maximum actuator limit,
even in the no disturbance, noise, or plant error case. It should be
noted that both the tracking and robustness optimizations of this
example also proved numerically dif� cult to solve, but following a
well-known approach, the linear programs were converted to their
dual and solved without dif� culty. (Many good referenceson linear
programming give clear explanations of this dual technique. See
Ref. 19, for example.) Unfortunately, even when converted to their
dual, the optimizationsfor the other existing l1 approacheswere still
unable to generate useful controllers due to numerical problems.

This example has highlighted the � exibility and simplicity of
the approach presented. Research into extending the method to
multiple-input/multiple-output plants is currently in progress and
is showing promise.

VII. Conclusions
A versatile, straightforward method has been presented for de-

signing controllers to optimally track a known reference in a realis-
tic environment. The controllers are formed in two stages: tracking
and robustness. The tracking performance is optimized subject to

two simple constraintequations,and inclusionof further constraints
such as actuator limits is shown to be relativelyuncomplicated.The
robustnessoptimizationensures stability to multiplicativeplant per-
turbationsand minimizesthe system’s responseto disturbances,sen-
sor noise, and variations in the plant. The more that is known about
these quantities, the better the optimization can be tailored to the
environmentof the system.An upperbound on the magnitudeof the
actuator and tracking error due purely to rejecting disturbancesand
noise and to copingwith plant variationsis also foundas a byproduct
of the optimization method used. The usefulness of the technique
presented is that it provides a complete approach to forming con-
trollers ready for implementation in real-world applications, such
as that given in the example.
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